Abstract. We study simple current extensions of tensor products of two vertex operator algebras satisfying certain conditions. We establish the relationship between the fusion rule for the simple current extension and the fusion rule for a tensor factor. In a special case, we construct a chain of simple current extensions. As an example, we obtain a chain of simple current extensions starting from the simple affine vertex operator algebra associated with sl 2 at level k ∈ Z >0 . The irreducible modules are classified and the fusion rules are determined for those simple current extensions.
Introduction
Simple current extensions of vertex operator algebras have been studied for many years, see [6, 7, 18, 33] and the references therein. In this paper, we consider simple current extensions of tensor products of two vertex operator algebras with suitable properties.
We argue under the following setting. Let W and V be simple, rational and C 2 -cofinite vertex operator algebras of CFT-type such that the conformal weight of any irreducible module is positive except the vertex operator algebras themselves. Assume that all irreducible V -modules are simple currents. This means that Irr(V ) = {V α | α ∈ C} is a C-graded set of simple current V -modules for a finite abelian group C with V 0 = V . Let D be a subgroup of C and {W β | β ∈ D} a D-graded set of simple current W -modules with W 0 = W . Assume further that the conformal weight of W β ⊗ V β is an integer for all β ∈ D. Then a direct sum U = β∈D W β ⊗ V β has a unique vertex operator algebra structure as an extension of W ⊗ V . The vertex operator algebra U is simple, rational, C 2 -cofinite and of CFT type. Moreover, the conformal weight of any irreducible U-module is positive except U.
Such a triple (U, V, W ) appears when we consider the commutant of a subalgebra in a vertex operator algebra. In fact, the commutant of V in U is W and the commutant of W in U is V in our setting.
One of the important examples is the parafermion vertex operator algebra K(g, k) associated with a finite dimensional simple Lie algebra g and a positive integer k. Let L g (k, 0) be a simple affine vertex operator algebra associated with the affine Kac-Moody Lie algebra g at level k [21, 25] . Let Q L be the sublattice of the root lattice of g spanned by the long roots. Then L g (k, 0) contains a lattice vertex operator algebra V √ . The parafermion vertex operator algebras have been studied extensively in the last decade, see for example [2, 4, 5, 10, 11, 15, 16, 17] .
Another important example of such a triple (U, V, W ) is known in a certain W-algebras, see for example [3, 8] .
The representation theory of simple current extensions was developed in [33] . Since any irreducible U-module is a direct sum of inequivalent irreducible W ⊗ V -modules by our assumption on the vertex operator algebras W and V , the argument for the representation theory of U is much simpler than that for a general one.
As our first result, we classify the irreducible U-modules and establish the relationship between the fusion rules for U and W under the above setting. The relationship between the fusion algebras of U and W is discussed as well, see Section 3 for details. The argument for the classification of irreducible U-modules is standard [33] . As to the relationship between the fusion rules for U and W , our argument is motivated by the proofs of [2, Theorem 5.2] and [17, Theorem 4.2] . The quantum dimension plays a role.
One of the features of a D-graded simple current extension is that an irreducible twisted module associated with an automorphism induced by an element of the character group D * of D is constructed explicitly [33, Theorem 3.2] . We are concerned with not only irreducible U-modules but also those irreducible twisted U-modules, see Theorem 3.7.
In Section 3.3, we discuss a duality between the fusion algebras of U and W . Since Irr(V ) = {V α | α ∈ C} is a C-graded set of simple current V -modules, the group C has a structure of a quadratic space with a quadratic form q V and its associated bilinear form b V [18, Theorem 3.4] . The bilinear form b V is non-degenerate [18, Proposition 3.5] . It turns out that U has a D ⊥ -graded set {U γ | γ ∈ D ⊥ } of simple current U-modules, where D ⊥ is the orthogonal complement of D in C with respect to b V . We consider an action of D on Irr(W ) (resp. D ⊥ on Irr(U)) defined by X → W β ⊠ W X for β ∈ D, X ∈ Irr(W ) (resp. X → U γ ⊠ U X for γ ∈ D ⊥ , X ∈ Irr(U)). We show that the set of D-orbits in Irr(W ) and the set of D ⊥ -orbits in Irr(U) are in one to one correspondence. The fusion algebras of U and W are related to each other through the correspondence.
In the case U = L g (k, 0) and W = K(g, k), Corollary 3.10 and Theorem 3.19 correspond to [2, Theorem 5 .1] and [2, Theorem 5.2], respectively. Furthermore, Remark 3.21 is related to [15, Theorem 4.7] .
Our second result is a construction of a chain of simple current extensions starting from U in the case where V is a rank one lattice vertex operator algebra, see Theorem 2.13. In particular, simple, rational and C 2 -cofinite vertex operator algebras of CFT-type with the same central charge are obtained.
Our third result is an example of such a chain of simple current extensions. We study a simple current extension
d of K(sl 2 , k) ⊗ V Zd with d, d = 2k(sk + 1) for any s ∈ Z ≥0 . We describe the irreducible modules explicitly and determine the fusion rules for the vertex operator algebra U 0 , see Section 4 for details. If s = 0, then U 0 coincides with the simple affine vertex operator algebra L sl 2 (k, 0). The paper is organized as follows. Section 2 is devoted to preliminaries. We recall basic properties of fusion rules and quantum dimensions of modules for vertex operator algebras. We also review simple current extensions of vertex operator algebras. We consider a chain of simple current extensions of special type. In Section 3, we study a simple current extension U of a tensor product W ⊗ V of vertex operator algebras W and V with suitable properties. We discuss irreducible U-modules as well as irreducible twisted U-modules. We establish the relationship between the fusion rules for U and W and discuss the fusion algebras of U and W . In Section 4, we introduce a vertex operator algebra U 0 , which is a simple current extension of a tensor product of K(sl 2 , k) and a rank one lattice vertex operator algebra. We classify the irreducible modules and determine the fusion rule for U 0 . The authors would like to thank Ching Hung Lam for stimulating discussions and helpful advice. This work was done while the first author was staying at Institute of Mathematics, Academia Sinica, Taiwan as a visiting scholar from May 1, 2017 through April 30, 2018. The second author visited the institute in August and September, 2017 and February and March, 2018. They are grateful to the institute.
Preliminaries
In this section, we recall some basic properties of fusion rules and quantum dimensions of modules for vertex operator algebras. Moreover, we discuss simple current extensions of vertex operator algebras and their irreducible twisted modules. We mention a chain of simple current extensions as well. Our notations for vertex operator algebras and their modules are standard [19, 20, 27] .
A vector space R(V ) with basis Irr(V ) equipped with multiplication ⊠ V is called the fusion algebra of V .
An irreducible V -module M is called a simple current if M ⊠ V X is an irreducible V -module for any X ∈ Irr(V ). We denote by Irr(V ) sc the set of equivalence classes of simple current V -modules.
A set M α , α ∈ D of simple current V -modules indexed by an abelian group D is said to be D-graded if M α , α ∈ D are inequivalent to each other with M 0 = V and
It is shown in [26, Corollary 1] that Irr(V ) sc forms a finite abelian group in the fusion algebra R(V ) when V is self-dual. That is, Irr(V ) sc is a set of simple current V -modules graded by a finite abelian group if V is self-dual. The inverse of M ∈ Irr(V ) sc with respect to the fusion product is its contragredient module M ′ . The fusion product by a simple current changes the fusion rule slightly. In fact, the following proposition holds. Proposition 2.1. Let V be a simple, rational, C 2 -cofinite and self-dual vertex operator algebra of CFT-type. Let Irr(V ) = {M i | i ∈ I} with |Irr(V )| = |I|. Then for A ∈ Irr(V ) sc and i, j, k ∈ I, the fusion rules satisfy
is the zero-mode operator and c is the central charge of V . Note that ch q (M) = Z M (½, τ ) is the conformal character of M. It is shown in [34] that there exist unique S M,N ∈ C such that 6) where wt[a] is the L[0]-weight of a ∈ V in (loc. cit.) and S M,N are independent of a and τ . The matrix S = S M,N M,N ∈Irr(V ) is called the S-matrix of V . It is shown in [23] that S is symmetric and satisfies (S 2 ) M,N = δ M ′ ,N . Moreover, the fusion rules of V -modules are described by the Verlinde formula associated with S.
Under Hypothesis 2.4, the limit
exists [9, Lemma 4.2] , where y is positive real. The limit qdim V M is called the quantum dimension of M over V [9, Section 3.1]. The notion of quantum dimensions amounts to a linear character of the fusion algebra R(V ) of V . The following properties of the quantum dimensions can be found in [9] .
Theorem 2.5. Let V be a vertex operator algebra satisfying Hypothesis 2.4. Then the following assertions hold. 
2.3. Simple currents. Let V be a vertex operator algebra satisfying Hypothesis 2.4. For a V -module M, we denote its conformal weight by ρ(M). It is shown in [13, Theorem 11.3 ] that ρ(M) and the central charge c are rational. Recall that the set Irr(V ) sc of equivalence classes of simple current V -modules forms a finite abelian group inside R(V ). We define two Q/Z-valued maps on Irr(V ) and Irr(V ) sc × Irr(V ) by
for A ∈ Irr(V ) sc and M ∈ Irr(V ). The maps q V and b V are introduced in [18] Proposition 2.6. Let V be a vertex operator algebra satisfying Hypothesis 2.4, A ∈ Irr(V ) sc and M, N ∈ Irr(V ). Then the following assertions hold.
By this proposition, we see that Irr(V ) sc carries a structure of a finite quadratic space which is not necessarily non-degenerate when Irr(V ) sc = Irr(V ).
Corollary 2.7. The map q V defines a quadratic form on Irr(V ) sc .
The map b V enjoys the following partial bilinearity on Irr(V ) sc × Irr(V ).
Proposition 2.8. Let V be a vertex operator algebra satisfying Hypothesis 2.4, A, B ∈ Irr(V ) sc and M ∈ Irr(V ). Then the following assertions hold.
(
Proof. It follows from (2) of Proposition 2.6 and Theorem 2.5 that
for A ∈ Irr(V ) sc and M ∈ Irr(V ). We compute S A⊠B,M /S V,V in two ways. On the one hand, we have
by (2.10). On the other hand, we have
by (1) of Proposition 2.6. Thus we obtain the assertion (1). We consider S A,B⊠M /S V,V in two ways. On the one hand, we have
by (2.10). On the other hand, since the S-matrix is symmetric, we have
Since qdim V A = qdim V B = 1, we have
by (2.10). Comparing the equalities above, we obtain the assertion (2). Suppose Irr(V ) sc = {V α | α ∈ C} is graded by a finite abelian group C with
We regard q V as a quadratic form on C by setting
As discussed in [18] , the set Irr(V ) sc of equivalence classes of simple currents canonically defines a normalized abelian 3-cocycle (
, which is unique up to 3-coboundary, where F V : C 3 → C × and Ω V : C 2 → C × are determined by the associativity and the skew-symmetry of the intertwining operators, respectively.
It is known in [12, 29] that the normalized cohomology class of (F V , Ω V ) is uniquely determined by the associated quadratic form defined by q Ω (α) = Ω V (α, α) for α ∈ C. Only the case Irr(V ) sc = Irr(V ) is considered in [18] . Based on Proposition 2.6, we can slightly generalize [18, Theorem 4.1] as follows.
Theorem 2.9. Let V be a vertex operator algebra satisfying Hypothesis 2.4 and Irr(V ) sc = {V α | α ∈ C} the set of equivalence classes of simple current V -modules graded by a finite abelian group C. Then the direct sum V C = α∈C V α has a unique structure of a simple abelian intertwining algebra, which extends the V -module structure on V C , with normalized abelian 3-cocycle (F V , Ω V ) whose associated quadratic form is given by
As an application of Theorem 2.9, we obtain the following [18, Theorem 4.2] (see also [5, Theorem 2.4 
]).
Theorem 2.10. Let V be a vertex operator algebra satisfying Hypothesis 2.4 and Irr(V ) sc = {V α | α ∈ C} the set of equivalence classes of simple current V -modules graded by a finite abelian group C. Let D be a subgroup of C. Then the direct sum V D = α∈D V α has a unique structure of a simple vertex operator algebra which extends the V -module structure on V D if and only if D is a totally isotropic subgroup of C with respect to the quadratic form q V .
The extension V D associated with a totally isotropic subgroup D of C is called a Dgraded simple current extension of V = V 0 . A general theory of representations of simple current extensions is well developed and it is known that V D also satisfies Hypothesis 2.4, see [33] .
Let D be a totally isotropic subgroup of C. We consider
By the definition of simple currents, the group D acts on the set Irr(V ) by
It follows from (1) of Proposition 2.8 that the map
is a group homomorphism. Moreover, since D ⊂ D ⊥ , it follows from (2) of Proposition 2.8 that this map is independent of the choice of M ∈ O and we can denote ξ M by ξ O .
By exponentiation we obtain a linear character Theorem 2.11. Let V be a vertex operator algebra satisfying Hypothesis 2.4 and Irr(V ) sc = {V α | α ∈ C} the set of equivalence classes of simple current V -modules graded by C. Let V D be a simple current extension of V associated with a totally isotropic subgroup D of C. Let M be an irreducible V -module and
As to the notion of a g-twisted module for a vertex operator algebra with respect to its automorphism g, we adopt the definition in [13] . Thus a g-twisted module in [33] means a g −1 -twisted module in this paper. For untwisted V D -modules described in the theorem above, their fusion rules can be determined as follows [33, Lemma 2.16 ] (see also [31, Lemma 3.12] ).
Theorem 2.12. Let V be a vertex operator algebra satisfying Hypothesis 2.4 and Irr(V ) sc = {V α | α ∈ C} the set of equivalence classes of simple current V -modules graded by C. Let V D be a simple current extension of V associated with a totally isotropic subgroup
Then we have the following linear isomorphism
In fact, the restriction map from I V D P 3
A chain of simple current extensions. Let k, m ∈ Z >0 and Zd a rank one lattice spanned by an element d with square norm d, d = 2km. Let W be a vertex operator algebra satisfying Hypothesis 2.4 and {W j | j ∈ Z k } a Z k -graded set of simple current W -modules with W 0 = W . We also recall the fusion rule for V Zd [12, Chapter 12] . Let
d be a vertex operator algebra which is a Z k -graded simple current extension of W ⊗ V Zd . This in particular means that
Let s ∈ Z with m + sk > 0 and d ′ an element with square norm d 
The vertex operator algebra U satisfies Hypothesis 2.4.
In this way, we obtain a chain of simple current extensions. The central charge of U coincides with the central charge of U and it is the central charge of W plus 1.
In the case where W is the parafermion vertex operator algebra K(sl 2 , k) and m = 1, we have U = L sl 2 (k, 0). The vertex operator algebra U for U = L sl 2 (k, 0) will be discussed in Section 4.
Irreducible U-modules and fusion rules for W and U
In this section, we assume the following hypothesis. (1) W and V satisfy Hypothesis 2.4.
(2) All the irreducible V -modules are simple currents and
, α ∈ C}, the tensor product W ⊗ V also satisfies Hypothesis 2.4. Then it follows from Theorem 2.10 that
is a D-graded simple current extension of W ⊗ V which also satisfies Hypothesis 2.4 [33] .
In this section, we consider representations of U.
Recall that b V is a non-degenerate symmetric bilinear form on C by Proposition 2.6 with
2) The following lemma is a direct consequence of Hypothesis 3.1.
Proof. Since W satisfies Hypothesis 2.4, the conformal weight of W β is positive unless β = 0. Hence {u ∈ U | (ω W ) (1) u = 0} = V , where ω W is the conformal vector of W . Thus the commutant of W in U is V . Likewise, we have that the commutant of V in U is W .
3.1. Irr(W ) and Irr(U). Since {W α | α ∈ D} is a D-graded set of simple current Wmodules, the group D acts on the set Irr(W ) by
for β ∈ D and X ∈ Irr(W ). Let
be the orbit decomposition. For i ∈ I let
Since D is abelian, D i coincides with the stabilizer of M for any
W and fix it. Here we assume that 0 ∈ I and assign
It is clear that this is an equivalence relation on I × D and every element of Irr(W ) is uniquely indexed by an element of I × D/∼ as W i,β .
Here and further we identify (i, β) ∈ I × D with its equivalence class in (I × D)/∼ by abuse of notation. We can consider another action of D on Irr(W ⊗ V ) by
for β ∈ D and X ∈ Irr(W ⊗ V ).
Since V α ∼ = V α+β as V -modules if and only if β = 0, the group action in (3.9) is free. We will call a free action of D on Irr(W ⊗ V ) given in (3.9) the diagonal action. By Theorem 2.11, every irreducible W ⊗V -module can be uniquely extended to an irreducible χ-twisted U-module for some χ ∈ D * . To describe irreducible twisted U-modules precisely, we introduce two Q/Z-valued maps on D by
for i ∈ I, α ∈ C and β ∈ D, where b W and b V are defined as in (2.9). It follows from Proposition 2.8 that η α and ξ i,α are linear maps on D so that we can define linear characters η α and ξ i,α of D by
Lemma 3.6. Let i ∈ I. The following assertions hold.
Proof. The assertion (1) follows from (4) of Proposition 2.6, and the assertion (2) is clear by the definitions in (3.10) and (3.11). The assertion (3) follows from (1) and (2) . Let
for i ∈ I and α ∈ C. The index α of U i,α depends on the choice of a representative W
Theorem 3.7. The following assertions hold.
Proof. Since U is a D-graded simple current extension of W ⊗ V , the assertion (1) follows from Lemma 3.5 and Theorem 2.11.
It follows from the uniqueness in Theorem 2.11 that
are in the same D-orbit with respect to the diagonal action (3.9), which is equivalent to i = i ′ and α ≡ α ′ mod D i . Thus we obtain the assertion (2).
As for (3), let χ ∈ D * and i ∈ I. By Lemma 3.6, there exists α ∈ C such that χ = ξ i,α as characters of D, and U i,α gives an irreducible χ-twisted U-module by (1). Let χ ∈ D * and M an irreducible χ-twisted U-module. Since W ⊗ V is rational, we can take an irreducible W ⊗ V -submodule X ∼ = W i,γ ⊗ V α for some i ∈ I, γ ∈ D and α ∈ C by (3.8). Since the diagonal action (3.9) is free, the W ⊗ V -modules (W β ⊗ V β ) ⊠ W ⊗V X, β ∈ D, are all inequivalent. Therefore, by the irreducibility, M is isomorphic to
as W ⊗ V -modules. Since W ⊗ V -module structure uniquely determines the U-module structure by Theorem 2.11, M ∼ = U i,α−γ as U-modules. This completes the proof of the assertion (4).
For i ∈ I and χ ∈ D * , we define
Lemma 3.8. The following assertions hold.
Proof. It is shown in (3) of Theorem 3.7 that C(i, χ) = ∅. By (1) and (2) of Lemma 3.6, we see that D * = { ξ i,α | α ∈ C}, and the assertion (1) follows from (3) of Lemma 3.6. The assertion (2) follows from (2) of Lemma 3.6. Proposition 3.9. For χ ∈ D * , the number of inequivalent irreducible χ-twisted module is |C||Irr(W )|/|D| 2 .
Proof. By Theorem 3.7, the set of irreducible χ-twisted U-modules is given by
where
by (3.4) . This completes the proof. We have shown that the set of irreducible untwisted U-modules is given by
3.2. Fusion rules of U-modules. We discuss the relationship between the fusion rules of U-modules and W -modules. First, we consider the quantum dimensions of irreducible U-modules. By a similar argument as in the proof of [2, Theorem 4.5], we have the following theorem.
Theorem 3.12. Let i ∈ I, α ∈ C(i, 1) and β ∈ D. Then
Proof. It follows from (3.6) and Theorem 2.5 that
Since any irreducible V -module is a simple current, we also have
This completes the proof.
As an immediate corollary, we obtain Corollary 3.13.
In particular, Irr(U) sc = Irr(U) if and only if Irr(W ) sc = Irr(W ).
Proof. An irreducible U-module is a simple current if and only if its quantum dimension is one so that Irr(U) sc is as in the assertion by Theorem 3.12. Since Irr(W ) sc forms a multiplicative group in R(V ), we have D i = 0 for i ∈ I sc . Therefore, |Irr(W ) sc | = |I sc ||D| and |Irr(U) sc | = |I sc ||D ⊥ |. Thus |Irr(U) sc | and |Irr(W ) sc | are related as in the assertion.
The global dimensions of W and U are related as follows (cf. [2, Theorem 2.9]).
Proposition 3.14. The global dimensions of W and U are as follows.
Proof. The assertion (1) follows from Lemma 3.4, and the assertion (2) follows from (3.14) and Theorem 3.12. The assertion (3) follows from (1) and (2) as |C| = |D||D ⊥ | (see also [2, Lemma 2.10]).
Then the fusion rules of U-modules and those of W -modules are related as follows.
and otherwise
Proof. By Proposition 2.3, Theorem 2.12 and (3.12), we have (1) holds. For the proof of the assertion (2), we consider the fusion product
(3.15) can be written as
We fix α, α ′ , β and β ′ and set
3, P is a union of equivalence classes with respect to the equivalence relation ∼ in (3.7).
Therefore we can divide (I × D)/∼ into disjoint subsets as (I × D)/∼ = (P/∼) ⊔ (P c /∼). Then (3.16) can be expressed as
Taking fusion products with U over W ⊗ V we obtain
Note that U i ′′ ,α+β+α ′ +β ′ −β ′′ is an untwisted U-module if and only if (i ′′ , β ′′ ) ∈ P by Theorem 3.7. Moreover, it follows from Lemma 3.3 and (2) of Theorem 3.7 that U i ′′ ,α+β+α ′ +β ′ −β ′′ are inequivalent U-modules for (i ′′ , β ′′ ) ∈ P/∼. Therefore, by Theorem 2.12, we obtain
This shows
Now taking the quantum dimensions of both sides of (3.17) over W we obtain
On the other hand, by Theorem 3.12, the quantum dimensions of both sides of (3.18) over U leads to
By (3.19) and (3.20) we obtain
and n(i ′′ , β ′′ ) = 0 for (i ′′ , β ′′ ) ∈ P c as quantum dimensions are positive. This completes the proof of the assertion (2).
, then we can replace α ′′ with α + β + α ′ + β ′ − β ′′ in the assertion (1) and obtain the first part of the assertion (2). Thus (1) and (2) are related under the correspondence
Remark 3.17. We can also prove Theorem 3.15 from Proposition 2.2. Indeed, we have the following inequalities from Propositions 2.2 and 2.3.
These inequalities are in fact sufficient to prove all the the assertions of Theorem 3.15 more directly without the use of Theorem 2.12.
We express the fusion products of U-modules and W -modules explicitly. We fix i, i
The set P has already appeared in the proof of Theorem 3.15. Define a map ψ by
Then ψ is a bijection as we discussed in Remark 3.16. The inverse ψ −1 is given by
Since ψ is a bijection, we can consider an equivalence relation ∼ on Q by pullback. That is, we define x ∼ y for x, y ∈ Q if and only if ψ −1 (x) ∼ ψ −1 (y) in P . By abuse of notation, we identify an element in P (resp. Q) with its equivalence classes in P/∼ (resp. Q/∼).
Proof. Since D i ′′ ⊂ D, the assertion follows from (2) of Theorem 3.7. By Theorem 3.15, the fusion products of U-modules and W -modules are mutually related as follows. 25) where P , Q, ψ and ψ −1 are defined as in ( 3.22), (3.23) and (3.24), respectively.
Next, we describe some simple current U-modules. Let
Proof. By Theorem 3.7 and Corollary 3.13, all U γ , γ ∈ D ⊥ are inequivalent simple current U-modules. Let U i,α ∈ Irr(U). Then U i,α+γ ∈ Irr(U) by Lemma 3.8 and we obtain the desired fusion product
Remark 3.21. Let X ∈ Irr(W ) and M, N ∈ Irr(U). Suppose X ⊂ M. Then it follows from Corollary 3.20 that N contains an irreducible W -submodule isomorphic to X if and
The following proposition follows from Proposition 2.1 and Corollary 3.20.
Then the following assertions hold.
For our later purpose, we restate Theorem 3.15 in the following form.
Theorem 3.23. Let X p ∈ Irr(W ) and M p ∈ Irr(U) for p = 1, 2, 3 and suppose
and otherwise 
R(U) versus R(W ).
In the previous subsections, we have described the structure of the fusion algebra R(U) based on R(V ) and R(W ). In this subsection, we discuss representations of W based on V and U. In fact, we will show that the structure of R(W ) can be described in terms of R(U) and R(V ). Suppose U is a D-graded simple current extension of W ⊗ V as in (3.1) where W and V satisfy Hypothesis 3.1. As shown in Lemma 3.2, W is the commutant of V in U and V is the commutant of W in U.
Recall that {U γ | γ ∈ D ⊥ } is a D ⊥ -graded set of simple current U-modules by Corollary 3.20, where U γ , γ ∈ D ⊥ are defined as in (3.26) . We define an action of D ⊥ on Irr(U) by
for γ ∈ D ⊥ and X ∈ Irr(U). It also follows from Lemma 3.8 and Corollary 3.20 that for each i ∈ I the set
forms a D ⊥ -orbit and we obtain the D ⊥ -orbit decomposition
That is, we can use the same index set I as in (3.4) . 
for γ ∈ D ⊥ . Clearly we have 
as a W ⊗ V -module, where
and (2) of Theorem 3.7. Therefore, we obtain a description of Irr(W ) in terms of R(U) and R(V ) as follows.
Now the fusion rules of irreducible W -modules are described as in (2) of Theorem 3.23 in terms of R(U) and R(V ). Therefore, the structure of R(W ) is completely determined by those of R(U) and R(V ).
We close this section by summarizing outcomes of Hypothesis 3.1 as follows. Let W and V be vertex operator algebras satisfying Hypothesis 3.1 and let U be a D-graded simple current extension of W ⊗ V as in (3.1). Then U satisfies Hypothesis 2.4. We have a D-graded set of simple current W -modules {W β | β ∈ D} as in Hypothesis 3.1 and a D ⊥ -graded set of simple current U-modules {U γ | γ ∈ D ⊥ } which is defined as in (3.26 The inverse Ψ :
is linear on D by Proposition 2.8. Since b V is non-degenerate on C by (4) of Proposition 2.6, we can find λ ∈ C such that
is independent of the choice of X and uniquely determined by O ′ , see the comment just after (3.12) and Remark 3.21. It is shown in Theorem 3.12 that qdim
This equation essentially explains Corollary 3.10 and (3) of Proposition 3.14.
The equivalence classes Irr(U) and Irr(W ) are mutually described by Theorems 3.7 and 3.25, and their fusion rules are mutually described by Theorem 3.23. Thus, we can completely describe the structures of R(U) and R(W ) each other based on the duality between D and D ⊥ in the quadratic space (C, q V ) associated with R(V ).
Remark 3.26. Let Irr(U; χ) be the set of equivalence classes of irreducible χ-twisted Umodules for χ ∈ D * . If χ = η α for α ∈ C, then by Theorem 3.7 and (2) of Lemma 3.8 there is a bijection between Irr(U) and Irr(U; χ) given by
for M ∈ Irr(U). We can similarly consider the action of D ⊥ on Irr(U; χ) and obtain the D ⊥ -orbit decomposition of Irr(U; χ). Then the map Θ α induces a bijective correspondence between O W and the set of D ⊥ -orbits in Irr(U; χ) as well.
Simple current extension of
In this section, we discuss a simple current extension of a tensor product of the parafermion vertex operator algebra K(sl 2 , k) and a certain rank one lattice vertex operator algebra. The simple current extension is an example of the vertex operator algebra U studied in Section 3. We provide an explicit description of the irreducible modules and argue as in Section 3 to determine the fusion rule.
4.1. Parafermion vertex operator algebra K(sl 2 , k). We recall basic properties of the parafermion vertex operator algebra k(sl 2 , k) associated with sl 2 and a positive integer k [4, 5, 10, 11, 17] .
The parafermion vertex operator algebra K(sl 2 , k) is realized in a vertex operator algebra V L associated with a lattice L = Zα 1 + · · · + Zα k , where α i , α j = 2δ i,j [11, Section 4] , [12, Chapter 14] . In fact, V L contains a subalgebra isomorphic to L sl 2 (k, 0). Let
In the case k = 1, K(sl 2 , k) reduces to the trivial vertex operator algebra C½. Let (
is a simple, rational, C 2 -cofinite vertex operator algebra of CFTtype with central charge
They are inequivalent to each other except the isomorphism 
. The fusion product of irreducible modules for K(sl 2 , k) are known [17, Theorem 4.2] (see also [5, Section 6] ). Among other things, M j (k) , 0 ≤ j < k are the simple currents and
. Actually, θ is the restriction of an automorphism of V L which is a lift of the −1 isometry of the lattice L. 
Then U 0 has a unique vertex operator algebra structure as a simple current extension of M . Note that U 0 = L sl 2 (k, 0) if s = 0. The notation here corresponds to the notation in Section 3 as
We explicitly describe the irreducible modules for U 
is a complete set of representatives of the
, 0 ≤ j < k is a complete set of representatives of equivalence classes of irreducible M 0 (k) -modules. In this case, } if k is odd and I = {0, 1, . . . ,
) if k is even. Nevertheless, the representatives in this notation depend on the case k is odd or even. Therefore, in this section we choose M i,j (k) , 0 ≤ j < i ≤ k as representatives of equivalence classes of irreducible M 0 (k) -modules. The notation for the irreducible U 0 -modules here are also different from the notation for the irreducible U-modules used in Section 3, see (3.12) and (4.8) below. Thus the assertions in this section are slightly different in appearance from those in Section 3.
Lemma 4.1. Let 0 ≤ i ≤ k, 0 ≤ j < k and 0 ≤ p < 2k(sk + 1). Then the difference of the conformal weight of the irreducible M q = 0, j is congruent to
In particular, it is an integer for all 0 ≤ j < k if and only if i ≡ p (mod k).
Proof. Let v i,j be a nonzero element of the top level of M i,j
modulo Z for 0 ≤ q < k and 0 ≤ p < 2k(sk + 1) as d, d = 2k(sk + 1). Thus the difference of the conformal weight for q = 0, j is congruent to
Hence the left hand side of (4.7) is congruent to
, v ∈ X, n ∈ Z} is the U 0 -submodule of N generated by X. Since N is irreducible, we have N = U 0 · X and
The condition (a) implies that i = i ′ and j = j ′ , or i + 1) ) and so sk + 1 + l − l ′ ≡ 0 (mod 2(sk + 1)). This completes the proof of the assertion (1). The assertion (2) follows directly from (1). ( There are
Only k(k + 1)(sk + 1) of them can be direct summands of an irreducible U 0 -module by Lemma 4.1 and each irreducible U 0 -module 
we see from (4.8) that θ induces a permutation on the irreducible U 0 -modules as 
L sl 2 (k, p) (4.14)
for 0 ≤ i, i ′ ≤ k are related to each other. By a similar argument as in the proof of Theorem 3.12, we have the following theorem. Theorem 4.6. Let 0 ≤ i ≤ k, 0 ≤ j < k and 0 ≤ l < 2(sk + 1). Then
We obtain the fusion product for U 0 from the fusion product for M 15) where R(i, i ′ ) is the set of integers p satisfying (4.12) and l and l ′ are considered to be modulo 2(sk + 1). The irreducible U 0 -modules U p,l+l ′ , p ∈ R(i, i ′ ) on the right hand side of (4.15) are inequivalent to each other.
(2) The fusion product (4.15) is compatible with the isomorphism U i,l ∼ = U k−i,sk+1+l (1) The map λ is compatible with the isomorphism U i,l ∼ = U k−i,sk+1+l of U 0 -modules so that λ can be defined on the set Irr(U 0 ) of equivalence classes of irreducible U 0 -modules. (2) Extend λ linearly. Then
for 0 ≤ i, i ′ ≤ k, 0 ≤ l, l ′ < 2(sk + 1). That is, the map λ gives an automorphism of the fusion algebra of U 0 of order sk + 1.
Proof. Since ζ sk+1 = 1, we have ζ sk+1+l = ζ l . Thus the assertion (1) holds. The assertion (2) is clear from (4.15).
As a special case of Theorem 4.7, we have the following corollary. (i) p = 0.
(ii) k is even, i = k/2 and p = sk + 1.
Proof. We see from Theorem 4.4 that U i,l ∼ = U i,l+p if and only if l ≡ l + p (mod 2(sk + 1)) or k − i = i and sk + 1 + l ≡ l + p (mod 2(sk + 1)). Since U 0,p ⊠ U 0 U i,l = U i,l+p , the assertion holds.
The fusion product of the simple current U 0 -modules U 0,l , 0 ≤ l < 2(sk + 1) is
Thus the set {U 0,l | 0 ≤ l < 2(sk + 1)} of simple currents is Z 2(sk+1) -graded. While the fusion product for U 0 is compatible with the isomorphism U i,l ∼ = U k−i,sk+1+l
of U 0 -modules, the assignment U 0,l → l (mod 2(sk + 1)) is not compatible with the isomorphisms U 0,l ∼ = U k,sk+1+l . Therefore, we need to denote the simple currents as U , where j is considered to be modulo k. There is another description of the irreducible modules for M 0 (k) . Take 0 ≤ q < 2k such that q ≡ i − 2j (mod 2k).
Then q ≡ i (mod 2) and j ≡ (i − q) (mod k). Thus there is a one to one correspondence between (i, j) with 0 ≤ i ≤ k, 0 ≤ j < k and (i, q) with 0 ≤ i ≤ k, 0 ≤ q < 2k, q ≡ i (mod 2). Let .
(4.19)
